
kl 

kZ 
a pure catalyst which catalyzes the reaction A Ft B only. 

The value of performance index, that is, the mole fraction 
of the substance C present in the mixture at the reactor 
exit at t = 1, with the pure bang-bang policy used is 
0.047918. Although this policy is only a suboptimal one, it 
compares quite favorably with the optimal singular solu- 
tion obtained by Jackson (1968), who gives a value of 
performance index of only 0.3% smaller, that is, 0.048065. 
Also, the computation time required for the present d- 
gorithm to obtain this bang-bang solution is only 6 s of 
CPU time on an IBM 370/155 computer with 250 inte- 
gration steps. These results seem to suggest that the bang- 
bang catalyst blending should be used for most practical 
purposes for the present problem; since it can be imple- 
mented more easily than the singular one, it requires much 
less computation time, and it also has a fairly good degree 
of suboptimality. 

In Figure 9, the change in the value of performance 
index with the number of iterations in applying algorithm 
to solve the present suboptimal bang-bang control prob- 
lem is illustrated for two different initial control estimates, 
uo(t) = 1.0 and uo(t )  = 0.5 for 0 t 4 1. I t  is seen 
that the choice of the initial control policy has essentially 
no effect on the rapid convergence chuacteristics in using 

the proposed algorithm. For both choices of the initial 
control policy, the algorithm has been able to maximize 
the performance index to an almost optimal value within 
the fist  iteration. This confirms the same type of results 
observed in solving the preceding three linear lumped 
parameter systems. 

In summary, for linear lumped parameter systems, these 
examples have shown that the proposed algorithm effec- 
tively solves in reasonably small computation time the 
singular and/or bang-bang control problems with high 
state dimensionality and multiple controls. From all nu- 
merical experience, the algorithm has a very rapid con- 
vergence characteristics, allows large changes in control 
variables in successive iterations, and gives fairly good 
suboptimal results without regard to the choice of the 
initial control policy. Although the exact switching times 
are not calculated by the algorithm, the large number of 
advantages of the algorithm illustrated in the preceding 
examples as well as in other nonlinear and distributed sys- 
tem examples presented in part I1 should definitely sug- 
gest that the proposed algorithm is a very effective sub- 
optimal procedure for solving singular and/or bang-bang 
control problems. 

Manuswipt received November 26, 1975 and accepted Ianuasv 29, 
1976. 

II. Applications to Nonlinear Lumped and Distributed Systems 
A new and simple algorithm based on the piecewise maximization of 

the Hamiltonian and a limiting process utilizing a penalty function of the 
control variables for the computation of suboptimal singular and/or bang- 
bang control, previously developed and applied to linear lumped systems 
in Part I, is tested on four typical nonlinear lumped and distributed systems 
of particular chemical engineering interest. The computational results have 
shown that the proposed algorithm is a very effective method for solving 
singular and/or bang-bang control problems with high state dimensionality, 
extreme nonlinearity, and multiple controls. 

SCOPE 
In Part I, a new and simple algorithm for the computa- 

tion of suboptimal singular and/or bang-bang control 
has been developed and applied successfully to several 
linear lumped parameter systems. The proposed algorithm 
is based on the piecewise maximization of the Hamiltonian 
and a limiting process utilizing a penalty function of the 
control variables. The algorithm has been shown to be 
very effective in solving large dimensional lumped param- 
eter optimal control problems with multiple controls. I t  
permits large changes in the control in the iterative con- 
trol calculations with assured and rapid convergence 
characteristics regardless of the values of the initial con- 
trol estimates. The computer implementation of the al- 
gorithm has also been shown to be very simple, requiring 
only a minimum amount of computer storage and com- 
putation time. 

In this work, the effectiveness of the proposed algorithm 
in obtaining the suboptimal singular and/or bang-bang 

solutions of typical nonlinear lumped and distributed 
control problems is examined. The basic lumped param- 
eter test problems are the optimal start-up or minimum- 
time control of an autothermic reaction system (Jackson, 
1966), a two-stage continuous stirred-tank reactor (CSTR) 
system (Siebenthal and Aris, 1964; Edgar and Lapidus, 
1972b; Luus, 1974~1, 1974b), and a six-plate gas absorber 
with nonlinear gas-liquid equilibrium relationship (Lapidus 
and Luus, 1967; Weber and Lapidus, 1971). The deter- 
mination of the optimal catalyst activity distribution policy 
in a distributed parameter, nonisothermal tubular reactor 
with radial heat and mass diffusion is also studied. These 
four test problems represent the typical chemical engi- 
neering optimal control problems with high state dimen- 
sionality, extreme nonlinearity, and multiple controls. The 
practical implications of the computational results are 
discussed, and the comparisons of the proposed algorithm 
with several existing techniques are given. 

CONCLUSIONS AND SIGNIFICANCE 
From examination of the numerical and graphical re- 

sults for the chosen test problems presented in this paper, 
it can be concluded that the application of proposed al- 
gorithm based on the piecewise maximization of the 

Hamiltonian and a limiting process utilizing a penalty 
function of the control variables yields very acceptable, 
suboptimal singular and/or bang-bang control solutions 
with little expenditure of computer storage and computa- 
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tion time. In addition to the advantage of the algorithm 
in requiring no auxiliary linearization procedures or linear- 
ized approximate system models in solving the nonlinear 
lumped and distributed control problems, the computed 
results have shown that the algorithm has retained all 
the advantages previously demonstrated for linear lumped 
parameter control problems. Comparisons of the computed 
results for the selected test problems such as the two- 
stage CSTR system with other reported studies have also 
indicated that the present algorithm yields better per- 

formance than the differential dynamic programming and 
penalty function approach of Edgar and Lapitius (1972b), 
as well as the approach of direct search on the feedback 
gain matrix of Luus ( 1 9 7 4 ~ ~  1974b). 

Thus, the suboptimal singular and/or bang-bang con- 
trol algorithm based on the piecewise maximization of 
the Hamiltonian and a limiting process utilizing a penalty 
function of control variables as presented in this work 
offers the advantages of effectiveness and simplicity, 
coupled with good performance, as is demonstrated. 

SYSTEM EXAMPLES 

In what follows, a number of different nonlinear lumped 
and distributed parameter systems which have been used 
to test the feasibility and efficiency of the piecewise Max-H 
and penalty function algorithm for suboptimal singular 
bang-bang control presented in Part I are briefly described. 
Most of these system examples are of direct chemical en- 
gineering interest, having high state dimensionality, ex- 
treme nonlinearity, and multiple controls. 

Nonlinear, Lumped Parameter Systems 

Optimal Start-up of an Autothermic Reaction System. 
The first nonlinear lumped parameter problem consid- 

ered was to determine an optimal start-up procedure for 
an autothermic reaction system in which the first-order 
reversible reaction A * B is occurring. This problem was 
first presented by Jackson (1966) and is of some practical 
significance. Thus, it is known that certain exothermic 
reactions of considerable commercial importance, such as 
the ammonia synthesis reaction, make use of a regenera- 
tive heat exchanger between the reactant and product 
streams in such a way that the reaction system is thermally 
self-sustaining, or autothermic, when operating steadily. 
These types of reactions cannot be started up without sup- 
plying heat to the reactants from an external source such 
as a heat exchanger plus a reactant preheater, and nor- 
mally the external heating may be withdrawn once the 
reaction mixture has been ignited. In the simplest type 
of autothermic reaction system as presented by Jackson 
( 1966), the reactor is adiabatic, and its start-up and opera- 
tion are controUed by regulating the external heat supply 
to the reactant preheater (denoted by u1) and the frac- 
tion of the hot gas leaving the reactor which passes through 
the regenerative heat exchanger (denoted by u2). The 
dynamical behavior of this autothermic reaction system can 
be represented by (Jackson, 1966) 

% ( t )  = R(x1, x 2 )  - x1 

7 i 2 ( t )  = U I  - %(XZ - ~ 2 0 )  + Q! R(x1,xz) 
(1)  

(2) 
where x1 and x2 are the mole fraction and temperature 
( "F) of the reactant A in the reactor, respectively. R(x1, 
x2) is the reaction rate expression given by 

R(xi ,  x2) = ki(xz) [ I -  xi1  - k2(xz)xi 
kl ( x 2 )  = 2 417 exp [ -5 O O O / x 2 ]  

k 2 ( x 2 )  = 2.683 x 105 exp [ - lo  OOO/x2] 

The parameter y is the ratio of the thermal capacity of 
reactant vs. the specific heat of reaction mixture on a molar 
basis, x20 i: the temperature ( O F )  of the reactant A at 
entry to the cold side of the exchanger, and a is the adi- 
abatic temperature rise (OF) of the reaction. The values 
of these parameters are 

y = 1 xzo = 30Q Q = 500 

Also, physical considerations require the control variables 
u1 ( t )  and u2 ( t )  to be bounded by 

O L U l ( t )  4200 (3) 

O"uz(t) =s 1.0 (4) 
The start-up problem is then to find the optimal control 
variables u l ( t )  and % ( t )  which will transfer the auto- 
thermic reaction system from the initial operating condi- 
tions with the mole fraction and temperature of compo- 
nent A in the feed, xl(0) = 0.0 and xZ(0) =: 300"F, re- 
spectively, to the desired final steady state operating con- 
ditions with x l ( t f )  = 0.7 and xZ(tf) = 800" F in a mini- 
mum time tfi The optimum start-up procedure to be ob- 
tained will dictate a suitable compromise between the de- 
sirability of reaching steady state operating conditions 
quickly and the cost of the external heating thus required. 
Jackson (1966) has solved this problem using the maxi- 
mum principle. His solution will be compared with the 
present work. 

Optimum Start- Up of Two-Stage Continuous Stirred- 
Tank Reactor (CSTR) System. The second nonlinear 
lumped parameter system problem considered was to 
determine the optimum start-up procedure for a two-stage 
CSTR in series with heating and cooling controllers. The 
system model used was first suggested by Sicbentha1 and 
Aris (1964) and recently studied by Edgar md Lapidus 
(1972b) and by Luus (1974a, 1974b). It represents a 
typical system of high state dimensionality, extreme non- 
linearity, and multiple controls of direct chemical engi- 
neering interest. In a dimensionless, normalized form, the 
governing equations are a set of highly nonlinear ordinary 
differential equations which can be written in a vector form 
as 

X=f(x ,u , t )  ( 5 )  
where x is a four-dimensional vector with the components 
x1  and x3 denoting the normalized concentration variables 
and x2 and x4 representing the normalized temperature 
variables. The components of u, that is, u1 and u2, are two 
normalized control variables having cooling capacity only. 
The specific form of ( 5 )  along with the numerical values 
of the parameters can be found as Equations (7 )  to (14) 
in the paper of Edgar and Lapidus ( 1972b). It is assumed 
that both reactors are initially at the steady state tempera- 
ture of the second reactor, and the start-up problem is to 
find the optimal control variables u l ( t )  and uz( t )  for the 
two reactors to reach in a minimum time tf, some final 
steady state compositions and temperatures where the re- 
action rate is maximized with respect to the operating con- 
ditions. A set of suitable initial and final operating con- 
ditions for this start-up problem can be taken as (Edgar 
and Lapidus, 1972b) 
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x(0) = C0.1962 -0.0372 0.0946 OIT (6) 

X ( t 1 )  = [O 0 0 0 lT  (7) 

(8) 

(9) 

Also, the normalized control variables are bounded by 

-8.1558 L ul(t) 4 8.1558 

-3.4385 4 ~2 ( t )  4 3.4385 

The solution to this time optimal control problem has 
been shown to be of a combined singular bang-bang type 
by Siebenthal and Aris (1964) qualitatively and by Edgar 
and Lapidus ( 1972b) quantitatively. The latter authors 
employed first an analytical apparent linearization by 
the method of Pearson (196.2) which converts (5) to an 
approximate linear model in the vector form 

x ( t )  = f(x, u, t )  = A(x, U, t )  * x + B(x, U, t)  * u 

An approach using the discrete dynamic programming 
with penalty functions (DDP-PF) was then used to handle 
the control and final state variable constraints and to 
solve the singular and/or bang-bang control problem as a 
limit of a series of nonsingular and/or bang-bang prob- 
lems. Recently, another approach using the direct search 
of the feedback gain matrix based on a linearized form 
of (5) for obtaining the time suboptimal control of the 
same two-stage CSTR problem was given by Luus (1974a, 
1974b). The results ok both previous studies will be com- 
pared with this work. 

Time Optimal Control of a Six-Plate Nonlinear Gas Ab- 
sorber System. The final nonlinear lumped parameter sys- 
tem investigated was a six-plate gas absorber system with 
a nonlinear liquid-vapor equiLibrium re1at:onship con- 
trolled by the inlet fed streams as detailed by Lapidus 
and Luus (1967). This nonlinear system with six state 
and two control variables can be modeled by the normal- 
ized system equation in the vector form of (5). Here, 
xi(t) ( i  = 1, 2, . . . 6) is the liquid composition leaving 
the ith plate (pound solute per pound absorbent), and 
the control variables u l ( t )  and u i ( t )  z e  the inlet liquid 
and vapor compositions at the first plate and the sixth 
plate, respectively. The specific form of (5),  its initial 
condition, and the corresponding values of parameters 
can be found as Equations (42) to (44) in the work of 
Weber and Lapidus (1971). The constraints on the con- 
trol variables are (Weber and Lapidus, 1971) 

(10) 

0.0 -I ~1 ( t )  _L 0.045 

The problem is to find the control variables u l ( t )  and 
uZ(t) satisfying the constraint which will drive the state 
vector x from its initial state x(0) to the desired state, 
the origin x = 0, in a mLnimum time tf. The linear ver- 
sion of this time optimal control pioblem has been solved 
in a number of previous works, for example, by Lesser 
and Lapidus (1966), Chant and Luus (1968), Bennett 
and Luus (1971), Bashien (1971), Schlossmacher (1973), 
and Luus (1974~) .  The present work, however, is con- 
cerned with the solution of the same problem with a non- 
linear vapor-liquid equilibrium relationship. 

Nonlinear Distributed Parameter Systems 
The present computational algorithm has been extended 

to obtain the suboptimal contiol for a number of linear 
and nonlinear distributed parameter systems, and the 
results will be reported separately. The effectiveness of 
the algorithm in solving the singular and/or bang-hang 
control problems, however, can be illustrated by determin- 
ing the optimal catalyst activity distribution policy in a 

(11) 

-0.025 ~2 ( t )  6 0.080 (12) 

radially dispersed, tubular reactor in which a catalytic 
consecutive reaction occurs under nonisothermal condi- 
tions. In the present work, two types of consecutive reac- 
tions have been considered. One is the irreversible reac- 

kl kz 
tion A + B + C and the other the reversible reaction 

A * B + C, where A is the raw material, B the desired 

product, and C the undesired by-product. By denoting the 
dimensionless axial reactor length as t and the dimen- 
sionless radial coordinate as r,  the dimensionless concen- 
trations of components A and B, x1 (t, r ) ,  and x z ( t ,  r ) ,  re- 
spectively, as well as the dimensionless reactor tempera- 
ture x3 (t, r), can be described by the following set of non- 
linear partial differential equations: 

kl k3 

kz 

1 at r ar 
axl --= 0.48 -+- - 

+ 0.5 W(t ,  r)Ri(xi, xz, x3) (13) 

ax3 ax32 1 ax3 

at  arz r ar 
-- = 0.67 [ - + - -1 + w ( t , r )  

K0.2 Ri(xi ,xz>xa)  4- O . ~ ~ R Z ( X ~ , X Z J ~ ) ]  (15) 
Here, a specific set of values of the radial Peclet numbers 
for heat and mass transfer and the first and third Dam- 
kohler numbers have been included in Equations (13) 
to (15).  w (t, r )  is the catalyst activity distribution func- 
tion with its value between zero and one. For the ir- 
reversible reaction system, the dimensionless reaction rate 
expressions R1 and Rz are given by 

~ ~ ( x ~ ,  x2, x3) = -0.5 x 109 E~ - x1 

~ ~ ( x ~ ,  x2, x3) = 0.5 x 109 E~ - xi -0.8 x 1015 E~ - xz 
(16) 

(17) 

(18) 

and for the reversible reaction system 

R1( x1, x2, x3) = 0.3 x 10l2 E3 - xz - 0.5 x log El * x1 

R ~ ( x ~ ,  xz, x3) = 0.5 x 109 E~ . x1 

- 0.3 x 10l2 E3 * x2 + 0.6 X 1013 Ez * xz (19) 
where 

El  = exp [-19.35/~3], Ez = exp [-3O.O/x3], 

E3 = exp [-35.0/x3] 

The initial and boundary conditions for (18) and (19) are 

x l ( O , r )  = 1.0, x z ( O , r )  = 0.0, Xs(0,r) = 1.0 (20) 

axl(t, O ) / &  = ax2(t, O)/ar  = ax3(t, O ) / a r  = 0 (21) 

axl( t ,  l ) / a r  = a x 2 ( t ,  I ) / &  = 0, a x 3 ( t ,  l ) / a r  = -Q 
(22) 

where Q is the dimensionless wall heat flux. The optimal 
design problem is to choose the best distributed catalyst 
activity function w (t, r )  subject to bounds 

O A w ( t , r ) s l  for O L t s l ,  0 L r L - l  (23) 

so as to maximize the dimensionless area-averaged concen- 
tration of the desired product B in the reactor effluent 

- 
J = xZ(1) = 2 s,’ rxZ(t, r )  dr (24) 
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Fig. 1. Performance index versus number of iterations for the start-up 
of the autothermic reaction system. 
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Fig. 2. Computed combined bang-bang (0 4 t 4 2.8) and singular 
bang-bang (2.8 < t 6 t f )  control policy for the start-up of the 

autothermic reaction system. 

It may be mentioned that although a related second-order 
distributed parameter optimization problem in determin- 
ing the optimal dimensionless wall heat flux Q ( t )  has 
been described in some recent studies such as Denn et al. 
(1966) and Seinfeld and Lapidus (1968a), the present 
third-order system example seems to be one of the highest- 
order, nonlinear distributed parameter reactor optimization 
problems that have ever been considered in the chemical 
engineering literature. 

NUMERICAL RESULTS 

Nonl inear  L u m p e d  Parameter  Systems 

Optimal Start-up of an Autothermic Reaction System. 
The present algorithm has been applied to compute a sub- 
optimal bang-bang control which moves the autothermic 
reaction system, Equations (1)  and (2) ,  as closely as 
possible to the desired steady state operating conditions 
in minimum time. The results calculated based on a series 
of assumed final time tf  by using a weighting matrix Q = 
diag C1.0, 10-61 and initial control estimates ulo(t)  = 
100, uzO(t)  = 0.75 for 0 t tf  are summarized as fol- 
lows: 

Fixed final time Performance index 
tf xi ( t f )  xz(G) 3 = xT(tr) Q x ( t f >  

0.1407 x 2.4 0.6687 820.70 
2.8 0.6946 806.90 0.7662 x 
3.0 0.6953 804.50 0.3826 x 
3.2 0.6953 804.80 0.3868 x 

The results of a phase plane analysis by Jackson (1966) 
for this problem have shown that a pure bang-bang con- 
trol will not be able to drive this reaction system to the 
desired steady state operating condition with x1 ( t f )  = 
0.70 and x z ( t f )  = 800°F. The above calculations with 
different values of final time seem to confirm this analysis. 
Taking the value of tf = 2.8 as the minimum time, the 
computation time required for obtaining this bang-bang 
control strategy with 400 integration steps between t = 0 
and t = tf  is 15 s of CPU time on an IBhl 370/155 com- 
puter. Figure 1 illustrates the performance index as a 
function of the number of iterations for this case. 

To drive the reaction system to the desired steady state, 
a combined suboptimal control which consists of a pure 
bang-bang control for 0 4 t 6 2.8 followed by a singular 
bang-bang control for 2.8 < t 4 tf has been calculated 
by the a1gor;thm as shown in Figure 2. This computation 
uses a weighting matrix Q = diag Cl.0, lo-.'] and gives 
a minimum final time tf  = 3.16 = 2.8 (pure bang-bang) 
+ 0.36 (singular bang-bang). The final state values are 
x l ( t f )  = 0.6990 and x 2 ( t f )  = 799.86. As seen in Figure 
2, uz is of a pure bang-bang type for 2.98 f t 3.155, 
while u1 has a singular arc for the same time period with 
its value being very close to zero. The last result suggests 
that it may be simpler to control this reaction system by 
fixing u l ( t )  = 0.0, and by applying a pure bang-bang 
control for u2 ( t )  for 2.8 =S t 4 tf. The final minimum time 
for this control policy computed by the algorithm is tf = 
3.175, requiring only another 0.0375 operation time to 
drive the state from ~ ~ ( 2 . 8 )  = C0.6946, 806.90IT to 
x*( 3.175) = C0.6990, 800.14]*. Further calculations by 
the algorithm have shown that an additional operation 
time of only 0.54 is required to drive XI from 0.6990 to 
0.700. This corresponds to a total operation time of 3.715. 
For this reaction system, Jackson (1966) has suggested 

0.700 -I P 
'. 4-.  

W 

g 0.694 

'A( t= 2.8) \ 
STEADY STATE OPERATION 
PURE BANG-BANG 

- 
X 

0 , 6 9 0 , 1  
780 790 800 810 820 

X,, TEMPERATURE 
Fig. 3. Computed phase plane for the start-up of the autothermic 

reaction system. 
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qualitatively that its desired steady state can be reached 
very simply by applying the maximum possible heating 
control with an initial bang-bang control of u1 = 200 and 
uz = 0.5, and switching later to the values u1 = uls = 
0.0 and uz = uzs = 0.7 required for steady state opera- 
tion in the specified final state. However, quantitative cal- 
culations of this combined bang-bang steady state control 
by the algorithm have shown that an additional steady 
state operation time of 3.15 after the initial bang-bang 
control period 0 6 t 6 2.8 is required to assure 0.7000 
x l ( t f )  0.6997 and 800.0 6 xz(tf)  4 801.0. This cor- 
responds to a total operation time t f  = 5.95, which is 
much larger than the results obtained by applying iln 
initial pure bang-bang control (0 6 t A 2.8) followed by 
either a singular bang-bang control ( t f  = 3.160) or a 
pure bang-bang control of uZ(t) only ( t f  = 3.1750). 
This is further illustrated in Figure 3, where the state 
trajectories of these procedures are shown. The point A 
represents the final state resulted from the initial pure 
bang-bang control during the time period 0 4 t 6 2.5. 
After this point, the path ABCD corresponds to the case 
of a pure bang-bang control of u z ( t )  only, while the 
path AP represents the steady state operation suggested 
by Jackson (1966). Although the state D is not suffi- 
ciently close to the desired steady state P, the operation 
time required to bring the reaction system from D to P 
is only 0.54. Thus, the overall control strategy shown by 
the path ABCDP represents a saving of operation time 
of 2.135 as compared to the path AP. Further illustra- 
tions of the applicability of the present algorithm in ex- 
ploring the relative merits of different controls of several 
other chemical engineering systems are given as follows. 

Optimum Start-up of a Two Stage CSTR System. 
The proposed algorithm has been applied to compare 
four types of control policy which will drive the two- 
stage CSTR system, Equation ( 5 ) ,  from the initial state 
x ( O ) ,  Equation (6 ) ,  to the desired final state x ( t f )  = 0 
in a minimum time t f  subject to the constraints, Equa- 
tions (8)  and (9 ) .  These include a pure bang-bang con- 
trol, a combined singular bang-bang control, an initial 
bang-bang control followed by a singular control, and an 
initial bang-bang control followed by a steady-state con- 
trol. 

In Table 1, the computed values of performance jn- 
dexes and final states with a pure bang-bang control for 
a series of final states are shown. Here, a quadratic per- 
formance index J = x T ( t f )  Q x ( t f )  has been used. A 
minimum time of t f  = 0.260 seems to give the best per- 
formance index, J = 0.3037 x with a pure bang- 
bang control, and the resulting state trajectories are 
shown in the upper part of Figure 4. As can be seen from 
this figure and Table 1, a disadvantage of the pure bang- 
bang control is that the final states are not sufficiently 
close to the origin. One reason for this disadvantage can 
be learned from the computed combined singular bang- 
bang control and state tiajectories shown in Figure 5 and 
the lower part of Figure 4. The solid curves in Figure 5 
represent the control policy calculated by the present 
algorithm, while the dashed curves in Figure 5 are 
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Fig. 4. Computed state trajectories for the two-stage CSTR system: 
(a )  top: with pure bang-bang control (b) bottom: with combined 

singular bang-bang control. 

the corresponding results obtained by Edgar and Lapidus 
(1972b). Note that in Figure 5 the unsaturated be- 
havior of u1 is an indication of possible singular con- 
trol; the nearly saturated state of u2 indicates proba- 
ble bang-bang control. This fact thus explains why the 
preceding pure bang-bang control for both u1 and uz 
fails to drive the final states sufficiently close to the origin. 
By using a weighting matrix Q = diag [1,1,1,1] in the 
quadratic performance index J = xT ( t f  ) Qx ( t j )  aug- 

mented with a control penalty c S:uT u dt, where the 

Final 
time tf  

0.20 
0.22 
0.24 
0.26 
0.28 
0.30 

TABLE 1. COMPUTED RESULTS FOR THE MINIMUM TIME START-UP CONTROL OF THE 
TWO-STAGE CSTR SYSTEM: PURE BANG-BANG CONTROL 

Performance 
index Y l ( t f )  XZ(tf) % 3 ( t f )  

0.2020 x 10-3  - 0.00180 0.00108 0.01341 
0.1034 x 10-3  -0.00257 -0.00220 0.00899 
0.4809 x 10-4 -0.00357 -0.00180 0.00523 
0.3037 x 10-4 - 0 00378 -0.00086 0.00350 
0.4151 x 10-4 -0.00570 - 0 00163 0.00230 
0.5181 x 10-4 -0.00161 0.00193 0.00202 
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X4(tf) 
0.0042 1 
0.00336 
0.00216 
0.00177 
0.00 107 

-0.00055 
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Fig. 5. Computed combined singular bang-bang control policy for the 
two-stage CSTR system: solid curves-calculated by the present 
algorithm; dashed curves-calculated by Edgar and Lapidus (1972b). 

variable weighting coefficient E = lop5, the computed 
augmented performance index is J ,  = 0.9996 x l o p 5  
with a min,mum time tf  = 0.330 and the corresponding 
final states xT(tf)  = [ -0.00091, -0.00035, 0.00219, 
-0.002051 T. Although this performance index (0.9996 
x lop5)  is about 1.5% larger than the optimal value 
(0.9799 X obtained by Edgar and Lapidus, the 
smaller final time tf = 0.330 calculated by the present 
algorithm seems to compare favorably with the result of 
Edgar and Lapidus, that is, t f  = 0.342. Furthermore, ex- 
cept for the final values of x 3 ( t f )  and x?(tf), the pre- 
ceding final states xT( tf)  = [ -0.00091, -0.00035, 
0.00219, -0.00205IT ale much closer to the origin than 
those calculated by Edgar and Lapidus, namely, xT(tf)  
= [--0.00171, 0.00103, 0.00173, -0.00169IT. Next, In 
order to compare more properly the results of both 
studies, the present algorithm was applied to obtain a 
combined singular bang-bang control at the fixed final 
time t f  = 0.342. By using the initial control estimates 
ulo ( t )  = t@(t) = 0.0 for 0 6 t 6 0.342 and an identity 
weighting matrix Q = I, the computed performance index 
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-1.0- 

-2.0- 
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is J ,  = 0.5405 x which is now much smaller than 
the value J ,  = 0.9799 x obtained by Edgar and 
Lapidus. The corresponding final states are also much 
closer to the origin for all four state variables than the 
results of Edgar and Lapidus, namely, xT(tf) = 
[ -0.00094, -0.00021, 0.00136, -0.00162]7 VS. x T ( t t )  
= [-0.00171, 0.00103, 0.00173, -O.00169lT. 

It  is worthwhile to comment briefly on some further 
comparisons of the present algorithm with the work of 
Edgar and Lapidus. For this nonlinear, two-stage CSTR 
system, Edgar and Lapidus employed first an analytical, 
apparent linearization by the method of Pearson (1962) 
which converted Equation (5) to an approximate, linear 
equation in the form of Equation (10). An approach 
based on the discrete dynamic programming with penalty 
functions (DDP-PF) was then used to handle the end 
point and control constraints and to solve the singular 
and/or bang-bang problem as a limit of a seiies of non- 
singular and/or nonbang-bang problems. The latter limit- 
ing approach has also been used in the present algorithm. 
However, an inherent difficulty with the Pearson lineari- 
zation procedure is that the algebraic efforts i n  obtaining 
the .analytical expressions for the matrices A ( x ,  u, t )  and 
B(x, u, t )  in Equation (10) will be too complex for 
higher-order systems, which also dictates a careful ana- 
lytic work prior to numerical solution. For [he present 
highly nonlinear, two-stage CSTR system, thc: linearized 
system matrices A(x, u, t )  and B(x, u, t )  arc also quite 
sensitive to the assumed nominal state trajectories. For 
example, it was reported by Edgar and Lapidus that for 
all final times tf > 0.356, the convergence to the original 
state equation by the Pearson 1inear.zation approach was 
difficult to attain without excessive amounts of computa- 
tion time. In contrast, the present algorithm requires no 
auxiliary linearization procedures, and for all the system 
examples considered in this work, it has always: been able 
to achieve stable and rapid convergence to the desired 
solutions with almost any initial control estimates and a 
reasonably small amount of computation time. For the 
combined singular bang-bang control of the two-stage 
CSTR system with a minimum time of tf = 0.342, the 
present algorithm requires a CPU time of about 3 min 
on an IBM 370/155 computer. This compare.; favorably 
with the computation time of 4 min reported by Edgar 
and Lapidus using an IBM 360/91 computer. Vinally, the 
current algorithm has a significant advantage in eliminat- 
ing comp!etely all the computer calculations and storage 
of auxiiiary variables or functions such as H,, Huh, H,,, 
Is,,, etc., required in the control coirection schemes of 
many first- and second-order methods for optimal control 
computation. In fact, the proposed algorithm requires 
the stcrage of the computed state variables only. As such, 
this new algorithm should compare favorably and comp!e- 
ment significantiy several existing effective algorithmp for 
the solution of the singular and/or bang-bang control 
problems presented by Lapidus and his co-workers (Ed- 
gar and Lapidus, 1972a, 197211; Schlossm;-lcher and 
Lapidus, 1971; Seinfeld and Lapidus, 1968; Lapidus and 
Luus, 1967; Lesser and Lapidus, 1966; Grethlein and 
Lapidus, 1963) as well as by others. 

The proposed algorithm was also applied 183 compute 
two other types of control policy. For an initial pure bang- 
bang control in the time period 0 6 t & 0.260 followed 
by a singular control for t > 0.260, the computed per- 
formance index is less than 10-s (that is, J, = 0.9191 x 
lo-") at a final time of t f  = 0.305. If this pure bang-bang 
control is followed by a steady state control with u l ( t )  
= u s ( t )  = 0 for t > 0.260, the computed f i n d  time for 
J, < 10W5 is t f  = 0.307, with J ,  = 0.9890 X 10-5 These 

I 
I 
I 
I 
I 
I 

f 
,J 
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TABLE 2. COMPARISON OF COMPUTED VALUES OF FINAL TIME 
AND PERFORMANCE INDEX FOR DIFFERENT TYPES OF CONTROL 

POLICY FOR THE TWO-STAGE CSTR SYSTEM 
Final Performance 

Control policy time, tf index, 1, 
( 1 ) Pure bang-bang control 0.260 0.3037 x 10-4 
( 2 )  Combined singular bang- 0.330 0.9996 x 10-5 

bang control 0.342 0.5405 x 10-5 
( 3 )  'Combined singular bang- 0.342 0.9799 X 10-5 

bang control by Edgar 
and Lapidus ( 1972b) 

0.260) and singular 
( 4 )  Pure bang-bang (0  6 t & 0.305 0.9191 X 10-5 

control ( t  > 0.562) 
( 5 )  Pure bang-bang (0 6 t 0.307 0.9890 x 10-5 

0 . 2 6 2 ) b d  slkady state 
control ( t  > 0.260) 

minimum-time control 
by Luus ( 1974a) 

minimum time control 
by Luus (1974b) 

(6) Suboptimal feedback and 0.370 1xil < 

( 7 )  Suboptimal feedback and 0.325 /xi/ < 10-3 

results along with those reported by others are sum- 
marized in Table 2. 

The results on the suboptimal feedback and minimum 
time control by Luus (19744 1974b) included in Table 
2 were obtained by a direct search procedure to find the 
best values for the elements in the feedback gain matrix 
so as to minimize the final time. I t  is seen in this table 
that for smaller values of performance index, say, J ,  < 
lop5, the required final times computed by the present 
algorithm seem to compare favorably with the results of 
Luus. One significant advantage of .the present algorithm 
is that its applicability is essentially independent of the 
choice of initial control estimates. In contrast, in apply- 
ing the method of direct search of Luus, it is necessary to 
carry out some preliminary runs to determine the proper 
initial estimates of the elements of the feedback gain 
matrix and initial ranges for the random numbers in the 
search routine. In general, the computation time require- 
ment of this direct search approach is greater than that 
required with the present control vector iteration pro- 
cedure with a quadratic performance index such as ] = 
x T (  t f )  Qx( t f )  used. Furthermore, the multidimensional 
optimization problem associated with the direct search 
method when applied to systems with high state dimen- 
sionality and multiple controls may present some com- 
putational difficulties. For example, the state equations 
must be integrated a large number of times at each itera- 
tion, and many iterations may be required to yield a con- 
trol policy of high degree of suboptimality. Further com- 
parisons of the direct search procedure and the current 
algorithm are discussed in the subsequent sections. 

Time Optimal Control of a Six-Piate Nonlinear Gas Ab- 
sorber System. This system example with six state and two 
control provides an ultimate test of the present algorithm 
in solving typical chemical engineering problems with 
high state dimensionality, extreme nonlinearity, and mul- 
tiple controls. By solving this problem as a sequence of 
fixed final time problems with a weighting matrix Q = I 
used in the quadratic performance index J = x T ( t , )  
QxT(tf) ,  a final time of t f  = 22.0 was found to give the 
minimum performance index value of J = 0.1778 X 
and the final state values of x T ( t f )  = [0.0023, 0.0013, 
-0.0014, -0.0026, 0.0001, 0.0012]T with a pure bang- 
bang control. Although the final values of state variables 
are almost close to the origin, this bang-bang control 
seems to be unacceptable for real process operation be- 

0 2 4 6 8 10 12 14 16 18 20 .- 
3 

f ,TIME 
Fig. 6. Computed control trajectories for the six-plate nonlinear gas 

absorber system. 

W 

m 
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-t, TIME 
Fig. 7. Computed state variable X6 for the six-plate nonlinear gas 

absorber system. 

cause of the large number of switches on control variables 
resulted. Next, the algorithm was applied to compute the 
singular bang-bang control by augmenting the quadratic 
performance index J = x T ( t f )  x ( t f )  with a control penalty 

term E sr uTu dt. For a final time of tf  = 21.0, the aug- 
mented performance index was found to be less than 
lop5, that is, J ,  = 0.9135 x when the variable 
weighting coefficient E = The corresponding values 
of state variables are x T ( t f )  = [0.0003, -0.0015, 
-0.0022, -0.0012, 0.0001, -O.OOOO]T. The computation 
time required for obtaining this singular bang-bang control 
solution by using 400 integration steps between t = 0 
and t = t f  is 700 s of CPU time on an IBM 370/155 
computer. Figure 6 shows the trajectories of both control 
variables u1 ( t )  and u2 ( t )  for this case. The highly singu- 
lar nature of these control policies shown in the figure 
seems to explain the large number of switches on control 
variables of the preceding pure bang-bang control solu- 
tion for the same problem. The state trajectory of one 
typical state variable x6 is shown in Figure 7. Note that 
the above calculations were performed by an arbitrary set 
of initial control estimates, namely, ul"(t) = uzo(t) = 0 
for 0 6 t 6 t f .  The stable and rapid convergence charac- 
teristics were always observed in all iterative calculations. 

Nonlinear Distributed Parameter Systems 

For both the reversible and irreversible consecutive 

reactions, A * B + C and A + B -+ C, respectively, oc- 

curring in a radially dispersed packed-bed reactor modeled 
by Equations (13) to (15),  the algorithm has been ap- 
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Fig. 9. Computed area-averaged product concentration (top) and 
reactor center temperature (bottom) for the reaction A-+B+C with a 

pure bang-bang type of catalyst activity distribution. 

plied to determine the pure bang-bang and the combined 
singular bang-bang types of catalyst activity distribution 
functions, w (t ,  T )  . An implicit Crank-Nicholson finite dif- 
ference scheme (Lapidus, 1962) was used to reduce (13) 
to (15) to a set of ordinary differential equations. In 
the finite difference discretization, 15 increments in the 
radial di ection r and 100 incremen:~ in the axial direc- 
tion t were emp!oyed. The nominal catalyst activity dis- 
tribution function used throughout the following example 
calculations was assumed to be uniform, with w ( t ,  T )  = 
1.0 for 0 

Computed results for the irreversible consecutive reac- 

tion A -+ B + C with a pure bang-bang type of catalyst 
activity function used is shown in Figure 8. The computed 
suboptimal bang-bang type of catalyst distribution de- 
picted in Figure 8 calls for w ( t ,  T )  = 0.0 along the 
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Fig. 10. Performance index vs. number of iterations for the reaction 
A+B+C with a pure bang-bang type of catalyst activity distribution. 

'er ei of the reactor entrance so as to reduce the hot 
spot temperature rise. This is further illustrated in the 
lower part of Figure 9, where the dimensionless tempera- 
ture at the center of the reactor T = 0 is drawn against 
the axial reactor length t. It  is seen that the highest re- 
actor center temperature in the suboptimal bang-bang case 
is much lower than the corresponding temperature in the 
case of uniform catalyst activity distribution w ( t ,  T )  = 0 
for 0 L t L 1. In the upper part of Figure 9, the varia- 
tion of the mean dimensionless concentrations of the de- 
sired product B and the undesired product C along the 
axial reactor length, namely, & ( t )  and 1 - XI ( t )  - X s ( t ) ,  
respectively, is shown. The results suggest that the bang- 
bang type of catalyst activity distribution function is not 
truly optimal and gives a value of performance index 
~ ( 1 )  = 0.05010, which is about 1472 larger than that 
obtained by applying the initial uniform catalyst activity 
distribution w ( t ,  T )  = 1.0 for 0 f t =& 1 and 0 A T A 1, 
that is, F2( 1) = 0.04383. However, the lattei uniform de- 
sign produces considerably more undesired product C 
along the reactor than that obtained by using the sub- 
optimal bang-bang catalyst activity distribution. Note that 
the stable and rapid convergence charactet istics of the 
present algorithm demonstrated in the preceding lumped 
parameter system examples have also been observed in 
solving the nonlinear distributed parameter problems. This 
is illustrated in Figure 10, where the performance index 
~ ~ ( 1 )  is plotted against the number of iterations for the 

- 
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Fig. 11. Computed pure bang-bang type of catalyst activity distribu- 

tion for the reaction AeB+C. 

suboptimal bang-bang case. A total of eight iterations with 
a CPU time of 72 s on an IBM 370/155 computer was 
able to obtain the suboptimal bang-bang result. This cor- 
responds to only 9 s of computation time per iteration. 
The computational efficiency of the present algorithm in 
solving the nonlinear distributed parameter problems is 
thus demonstrated quite favorably. 

Figure 11 shows the computed suboptimal bang-bang 
type of catalyst activity distribution function w ( t ,  T) for 

the reversible consecutive reaction A S B + C. The mean 

dimensionless concentration of the desired product B at 
the reactor effluent is yz( 1) = 0.46794. Here, the nomi- 
nal catalyst activity distribution function used in the itera- 
tive calculation is also a uniform one, namely. w (t,  7 )  = 
1.0 for 0 4 t 1, and this uniform design 
gives a value of x z ( l )  = 0.45108. By including an aug- 

mented quadratic performance index E l ' u T u  dt with a 
very small value of the variable weighting coefficient, say 
E = 10-5, the computed singular bang-bang type of 
catalyst activity distribution function is depicted in Fig- 
ure 12. The value of performance index is xZ(1) = 
0.47475, which is larger by only 1.45% than the corre- 
sponding value (0.46794) of the case with a pure bang- 
bang catalyst activity distribution. It then appears that 
the more easily implementable pure bang-bang type of 
catalyst activity distribution should be used for most prac- 
tical purposes when compared with the singular bang-bang 
one. 

It may be mentioned that the computational aspects of 
singular bang-bang control of nonlinear distributed pa- 

ki k3 

k2 

1 and 0 6 r 

rameter systems have received little attention. In particu- 
lar, very few available computational algorithms have 
been demonstrated to be effective in solving the singular 
and/or bang-bang control problems in both nonlinear 
lumped and distributed parameter systems. In the litera- 
ture, a combined approach in which the result from the 
direct search on performance index is used as the starting 
guess for the method of steep ascent has been shown by 
Seinfeld and Lapidus (1968b) to be quite feasible as 
a computational tool for handling some of these problems 
with particular chemical engineering interest. Thus, it 
seems worthwhile to commznt briefly on the comparisons 
of the present algorithm with the approach of Seinfeld 
and Lapidus. First, in applying the approach of direct 
search on performance index to solve a pure lumped bang- 
bang control problem, the time interval [O,tf] is sub- 
divided into a large number of segments. Within each seg- 
ment, the control variables u ( t )  are chosen initially at 
their upper or lower bounds and then varied iteratively 
so as to improve the value of the specified performance 
index. If this approach is extended to solve problems 
involving the distributed control variables, v (  t, r ) ,  how- 
ever, the subdivision of the independent variables t and r 
has to be done in both coordinates. This will generally 
require an excessive amount of computer storage and com- 
putation time. For example, if the time interval te[O, tt] 
is divided into L segments and the spatial coordinate 
r c [ O ,  11 is discretized into N subintervals, then the dis- 
tributed control variable 0 ( t ,  T )  in a scalar, pure bang- 
bang control problem will have a total of ( L  - 1) x 
( N  - 1) mesh point values. Thus, the system equation 
describing this distributed parameter system must be in- 
tegrated ( L  - 1)  x ( N  - 1) times in each overall iter8- 
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tive calculation. Even when a very coarse set of mesh 
points, say, L = 11 and N = 11, is used, the system 
equation must be integrated 100 times per iteration. Fur- 
thermore, if a singular control solution exists, a much finer 
set of time and  spatial discretizations is normally required, 
and the number of integrations to be carried out will be 
increased a t  least several times. For the singular bang- 
bang control problems with multiple distributed control 
variables, the large number of iterations required should 
present some computational difficulties. Consequently, this 
seems to  limit all the distributed singular bang-bang exam- 
ples treated in  Seinfeld and Lapidus (1968b) to  problems 
with a scalar, boundary control variable only. In contrast, 
the present algorithm requires integrating the system and  
adjoint equations only once per iteration and  requires 
the storage of the computed state variables only. Next, 
both the direct search procedure and the method of 
steep ascent used in  the work of Seinfeld and Lapidus 
(1968b) are sensitive to the initial estimates of control 
variables; thus, several starting guesses of control variables 
are normally required when a problem is solved. This un- 
desirable effect of the initial control guesses is also in- 
herently existing in most gradient methods as well as in 
the preceding procedure of direct search of feedback gain 
matrix of Luus (1974a, 1974b) developed for lumped 
parameter minimum time control problems. The computa- 
tional experience in using the present algorithm to solve 
all the lumped and distributed singular and/or bang-bang 
control system examples, however, has shown that the ap- 
plicability of the algorithm is essentially independent of 
the initial control estimates regardless of the types of 
problems. 
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NOTATION 

A = system matrix 
A = chemical component 
B = control matrix 
B = chemical component 
C = chemical component 
El, E2 = activation energies 
f = state equation 
H = Hamiltonian function 
I = identity matrix 
J = performance index 
J ,  = augmented performance index 
kl, k2, ka = reaction rate constants 
Q = matrix of weighting coefficient 

P c a t i a l  variable 
R1, R2 = reaction rate  expressions 
t = time 
tf = final time 
t ,  = switching time 
A t  = integration grid 
u = controlvector 
w 
x = state vector 
x, 
a 

y 
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’mensionless heat flux 

= catalyst activity distribution function 

= initial value of state vector 
= adiabatic temperature rise of the reaction 
= ratio of the thermal capacities 

c = variable coefficient in the augmented performance 

index l‘ uTu dt 

Superscript 

T = transpose of a vector or matrix 
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Trajectory Ana Iysis of Deep-Bed Filtration 
with the Sphere-in-cell Porous Media 
Model 

RAJAMANI RAJAGOPALAN 
This paper presents a model for the initial particle deposition in a deep- 

bed filter with a sphere-in-cell porous media model used. The analysis in- 
cludes all the relevant mechanisms, and the results indicate that deposition 
occurs under favorable surface interactions. A semiempirical expression re- 
lating collection efficiency and operating parameters is presented. 
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SCOPE 
The results reported in this study represent the continu- 

ing efforts of a long-range investigation whore objective is 
the development of a comprehen;ive theory of liquid filtra- 
tion through granular beds. Such a theory of deep-bed 
filtration requires the selection of a mathematical and geo- 
metric model to characterize the bed for its hydrodynamic 
behavior and for its role as the collector of the particles in 
the suspension. The model chosen is then used to predict 
the dynamic behavior of the filtration process, that is. to 
predict the history of effluent quality and the correspond- 
ing change in the pressure drop across the filter. In this 
paper we employ the conceptually simple sphere-in-cell 
porous media model (Happel, 1958) to study the initial 

filtration efficiency with the help of the particle trajectory 
concept used in connection with other porous media 
models elsewhere (see Payatakes et al., 1974a, b, and c). 
The major objective of this work is to examine the use of 
this model for predicting initial collection rates in filters 
when the various filtration mechanisms such as sedimenta- 
tion, interception, diffusion, and surface interactions act 
individually or collectively. Another important goal is to 
develop a semiempirical expression [Equation (27)] for 
the initial collection efficiency as a function of the per- 
tinent process parameters. This is particularly desirable 
since such an expression would help avoid expensive com- 
puter work for future applications of this model. 

CONCLUSIONS AND SIGNIFICANCE 
The initial collection efficiency for filtration through in the vicinity of the grains is required to permit filtration. 

granular beds is predicted within experimental error under Under such a condition, the collection rate depends on 
a wide variety of conditions by the trajectory calculations essentially four process parameters which characterize the 
made in this work with a sphere-in-cell porous media ratio of the particle size to the grain size, the magnitude 
model. It is evident that an attractive surface force of the gravitational collection, the extent of the attractive 
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